Abstract. Using the theory of weakly proper actions of locally compact groups recently developed by the authors, we give a unified proof of both reduced and maximal versions of Mansfield's Imprimitivity Theorem and obtain a general version of Landstad's Duality Theorem for twisted group coactions. As one application, we obtain the stabilization trick for arbitrary twisted coactions, showing that every twisted coaction is Morita equivalent to an inflated coaction.
Introduction
The main goal of this paper is to show that the theory of weakly proper actions of locally compact groups developed by the authors in [1, 2] can be used to give unified proofs and/or generalizations of some of the central results about (twisted) coactions of groups. More specifically, we want to explore Mansfield's Imprimitivity Theorem (and its generalizations) as well as Landstad Duality for twisted coactions of groups from the point of view of the theory of weakly proper actions and their generalized fixed-point algebras.
In [22] Mansfield proved his main result, today called Mansfield's Imprimitivity Theorem, which says that for a (reduced) coaction δ : B → M(B ⊗ C * r (G)) of a locally compact group G on a C * -algebra B and an amenable normal closed subgroup N ⊆ G, the crossed product B⋊ δ| G/N by the restricted coaction δ| : B → M(B ⊗ C * r (G/N )) of G/N is Morita equivalent to B ⋊ δ G⋊ δ N , the crossed product by the dual N -action δ. The bimodule implementing this equivalence is obtained as a certain completion of a special dense * -subalgebra D ⊆ B ⋊ δ G, often called Mansfield subalgebra. Over time, several authors -see [12, 17, 18] -generalized Mansfield's theorem in different directions by allowing non-amenable and even nonnormal closed subgroups of G in combination with different classes of coactions including full normal or maximal coactions of G (the word "full" means that we consider coactions of the full group C * -algebra C * (G)). We should emphasize that the theory of "full normal" coactions is equivalent to the theory of coactions by the reduced group algebra C * r (G) (see [25] ). The version of Mansfield's theorem for normal coactions can be obtained from the theory of Rieffel proper actions ( [27, 28] ) by proving that the dual action of N on B ⋊ δ G is proper (in Rieffel's sense) with respect to Mansfield's subalgebra D ⊆ B ⋊ δ G. Indeed, this fact has been first observed in Mansfield's original paper (see [22, §7] ) and it has been used to obtain generalizations of Mansfield's Imprimitivity Theorem to non-normal and/or non-amenable subgroups in [12, 14, 17] . On the other hand, the maximal version of Mansfield's theorem (obtained in [18] ) is proved in an indirect way by analysing relations between several imprimitivity bimodules (such as Green's imprimitivity bimodule and Katayama's bimodule).
One of our goals in this paper is to show that both, the maximal and normal versions of Mansfield's Imprimitivity Theorem can be obtained by considering full or reduced generalized fixed-point algebras for appropriate weakly proper actions. While the reduced generalized fixed-point algebras have been introduced by Rieffel in the 1980's ( [27] ), the theory of full fixed-point algebras has been introduced only recently in the quite general situation of weakly proper G-algebras by the authors in [1] . Recall that a G-action α on a C * -algebra A is called weakly proper if there is a proper G-space X and a G-equivariant nondegenerate * -homomorphism C 0 (X) → M(A). We then call A a weakly proper X ⋊ G-algebra (or just a weak X⋊G-algebra). For such algebras we constructed in [1] a Hilbert module F µ (A) over the µ-crossed product A⋊ α,µ G for any given crossed-product norm · µ on C c (G, A) which lies between the reduced crossed-product norm · r and the maximal crossedproduct norm · u . The algebra of compact operators A with a sort of "crossed product" B ⋊ δ|,µ G/H by the homogeneous space G/H whenever this is defined. In fact, we prove that if N is a normal closed subgroup of G and µ = u or µ = r denotes either the maximal or reduced crossed-product norm (for both groups G and N ), then (B ⋊ δ G) N µ is indeed isomorphic to the crossed product B µ ⋊ δµ| G/N by the restricted coaction, where (B µ , δ µ ) denotes either the maximalization (for µ = u) or the normalization (for µ = r) of (B, δ).
For non-normal subgroups H ⊆ G, it follows almost by definition that (B ⋊ δ G)
H r identifies with the crossed product B r ⋊ δ,r G/H as defined in [6] . This has been observed before in [12, Mansfield's theorem motivated Phillips and Raeburn to introduce twisted coactions of groups in [23] . If N ⊆ G is a closed normal subgroup of G, a twist over G/N for a (full) coaction (B, δ) of G is a unitary corepresentation ω ∈ M(B ⊗ C * (G/N )) of G/N such that the restriction δ| of δ to G/N is implemented by conjugation with ω and such that δ coacts trivially on the first leg of ω. For each such twisted coaction, one can form the twisted crossed product B ⋊ δ,ω G which is the quotient of the untwisted crossed product B ⋊ δ G by a certain (twisting) ideal. Another main result of this paper will be a Landstad Duality Theorem for twisted coactions of groups which will, in particular, provide us with the notion of maximalizations of twisted coactions: we prove that for a weak G ⋊ N -algebra A, there is a twisted coaction (δ (1) Given an arbitrary twisted coaction (B, δ, ω) there exists a unique norm
In particular, (B, δ, ω) satisfies the above version of Katayama duality for · µ . Moreover, we show that (B, δ, ω) is Morita equivalent to the trivially twisted inflated bidual coaction (Inf δ µ , 1) on B ⋊ δ,ω G ⋊ δ,µ N . This gives the stabilization trick for arbitrary twisted coactions extending the main result of [9] where the stabilization trick was shown for amenable N . 
By the previous discussion we already know that the twisted cosystem (B
They therefore give twisted analogues of a maximalization and a normalization of the coaction (δ, ω), thus extending similar concepts for ordinary coactions as introduced in [7] and [25] and we obtain complete twisted analogues of the results on exotic coactions obtained in [1] .
The outline of the paper is as follows: after a short preliminary section ( §2) we prove in §3 some useful general results on fixed-point algebras including a theorem on iterated fixed-point algebras for normal subgroups: if A is a weakly proper X ⋊ G-algebra and N is a closed normal subgroup of G, then A
G/N u and similarly for the reduced fixed-point algebra. This result will give the main tool for proving our versions of Mansfield's theorem in §4. The results on twisted Landstad Duality and maximalizations and normalizations for twisted coactions are given in the final section §5. As one application, we give a new proof of the decomposition theorem B ⋊ δ G ∼ = B ⋊ δ| G/N ⋊δ ,ω G of Phillips and Raeburn in [23] .
Preliminaries
To fix notation and for reader's convenience we recall in this section some basic definitions and constructions from [1, 2] about weakly proper actions and their generalized fixed-point algebras as well as some notations on coactions that will be needed in this paper.
Let G be a locally compact group and let A be a G-algebra, that is, a C * -algebra endowed with a (strongly continuous) G-action α : G → Aut(A). We endow C c (G, A) with the usual * -algebra structure by
where ∆ denotes the modular function of G. The full and reduced crossed product, denoted A ⋊ α G and A ⋊ α,r G, respectively, are also defined in the usual way as completions of C c (G, A) with respect to the universal and reduced C * -norms · u and · r , respectively -the latter is defined in terms of the regular representation Λ : A) ). More generally, we call a crossed-product norm any C * -norm · µ between the full and reduced norm and write A ⋊ α,µ G for the corresponding C * -algebra completion, sometimes called an exotic crossed product. Certain special exotic crossed product of this type have been constructed in [15] : they are associated to crossed-product norms coming from G-invariant ideals in the Fourier-Stieltjes algebra B(G) of G.
Let now X be a locally compact Hausdorff G-space with left G-action G×X → X, (t, x) → t · x. We usually denote by τ : G → Aut(C 0 (X)) the corresponding action given by τ t (f ) (x) = f (t −1 · x). An important special situation will be the case where X = G is endowed with (right) translation G-action t · g := gt −1 . By a weak X ⋊ G-algebra we mean a C * -algebra A endowed with a G-action α and a G-equivariant nondegenerate * -homomorphism φ : C 0 (X) → M(A). We often write f · a := φ(f )a and a · f := aφ(f ) for f ∈ C 0 (X), a ∈ A. We are mainly interested in the situation where X is a proper G-space, in which case we say that A is a weakly proper X ⋊ G-algebra (notice that these actions are also proper in Rieffel's sense [27] by [28, Theorem 5.7] ). Recall that the G-action on X is proper if and only if for every compact subsets K, L ⊆ X, the set {t ∈ G : t · K ∩ L = ∅} is compact in G. In this situation, the space F c (A) := C c (X) · A can be endowed with a canonical structure of a pre-Hilbert module over C c (G, A) ⊆ A ⋊ α,µ G (for any crossed-product norm · µ ) with inner product and right C c (G, A)-action given by 
where E(a) := st G α t (a) dt denotes the strict (unconditional) integral ( [10] ) whenever this makes sense (which is the case for elements a = ξη * ∈ A c := C c (X) · A · C c (X)). We shall write E G if it is important to keep track of the group in the notation. Note that in this construction F c (A) becomes a (partial) A G c -C c (G, A)-pre-imprimitivity bimodule in which all possible pairings are jointly continuous with respect to the respective inductive limit topologies (see [1, Definition 2.11] for the definition of these topologies). This is shown in [1, Lemma 2.12] and the proof of that lemma also shows that the E : A c → A G c is inductive limit continuous as well. If the above construction is applied to the special case where A = C 0 (X), we obtain a C 0 (X) ⋊ τ G-Hilbert module F (X) := F (C 0 (X)) with algebra of compact operators isomorphic to C 0 (G\X). Recall that C 0 (X) ⋊ τ G ∼ = C 0 (X) ⋊ τ,r G, that is, there is only one crossed-product norm µ = u = r on C c (G, C 0 (X)) because the action is proper. This is definitely not the case in general: every exotic crossed product appears as an (exotic) µ-generalized fixed point algebra A G µ (see [2, Corollary 3.25] ). The relation between F (X) and F µ (A) is given by the (balanced) tensor product decomposition (obtained in [1, Proposition 2.9]):
In particular, if the action on X is free, this decomposition implies that F µ (A) is full as a right Hilbert A ⋊ α,µ G-module and hence may be viewed as an imprimitivity bimodule between A G µ and A ⋊ α,µ G. One special class of weakly proper actions where the above theory of generalized fixed point algebras can be successfully applied comes from crossed products by group coactions. Recall that a (full) coaction of G on a C * -algebra B is a nondegenerate
) denotes the universal representation. Although we have mentioned reduced coactions in the introduction, meaning (injective) coactions modelled on C * r (G) in place of C * (G), we only work with full coactions in the main body of this paper.
Given a coaction (B, δ), one can assign the crossed product B ⋊ δ G which is endowed with a universal covariant representation pair j B : B → M(B ⋊ δ G) and j G : C 0 (G) → M(B ⋊ δ G) in such a way that elements of the form j B (b)j G (f ) linearly span a dense subspace of B ⋊ δ G. By a covariant representation we mean a pair of (nondegenerate)
where ω G ∈ M(C 0 (G) ⊗ C * (G)) is the unitary represented by the function t → u t . The universality of (j B , j G ) means that any such pair (π, σ) gives rise to a (unique) nondegenerate
The theory of crossed products by coactions turns out to be "amenable", in the sense that the regular representation of
, where λ denotes the left regular representation of G and M the representation of C 0 (G) by multiplication operators, is faithful for every coaction. In other words, B ⋊ δ G may be identified with the image of the regular representation in M(B ⊗ K(L 2 G)). On the other hand, the representation j B need not be faithful in general (as happens for some dual coactions on full crossed products by actions of non-amenable G). A coaction is said to be normal if j B is injective.
The crossed product B ⋊ δ G carries a dual action δ of G given on generators by the formula:
, where τ denotes the right translation action of G on itself: τ t (f )| s = f (st). This action turns j G into a G-equivariant homomorphism and therefore enriches A = B ⋊ δ G with the structure of a weakly proper G ⋊ G-algebra. The double (full)
which is defined as the integrated form Φ :
is the regular covariant representation of (B, δ) and ρ denotes the right regular representation of G on L 2 G. The coaction (B, δ) is called maximal if Φ is an isomorphism. Maximal coactions are exactly those which are Morita equivalent to dual coactions on full crossed products by actions. In general, there is a (unique, up isomorphism) maximalization (B u , δ u ) of (B, δ) which is a maximal coaction together with an equivariant surjection B u → B inducing an isomorphism
Similarly, there is a normalization (B r , δ r ) of (B, δ), that is, a normal coaction with an equivariant surjection B → B r inducing an isomorphism B ⋊ δ G ∼ = B r ⋊ δr G (of weak G ⋊ G-algebras) in such a way that the canonical surjection Φ factors through an isomorphism
More generally, Φ determines a crossed-product norm · µ on C c (G, A) for A = B ⋊ δ G in such a way that Φ factors through an isomorphism In this paper we extend these results and describe the category of weak G ⋊ Nalgebras, for N a closed normal subgroup of G, in terms of coactions of G twisted over G/N . This will be done in Section 5, where we review the definition of twisted coactions and derive the relevant results.
Green twisted actions and iterated fixed-point algebras
Let G be a locally compact group and N ⊆ G a normal closed subgroup. In most of this section · µ will denote either the maximal or reduced crossed-product norm.
Let (B, β) be a G-algebra. Recall that a (Green) twist for β is a strictly continuous group homomorphism υ : N → UM(A) satisfying
In this case we also say that (β, υ) is a (Green) twisted action of (G, N ) on a C * -algebra B, or that (B, β, υ) is a (G, N )-algebra. If υ is the trivial twist, that is, υ n = 1 for all n, then β is trivial on N and hence factors through a G/N -actionβ. 
We always choose Haar measures on G, N , and G/N in such a way that the formula
holds for all ϕ ∈ C c (G). The nondegenerate * -representations of B ⋊ β,v G are in one-to-one correspondence with the covariant representations (π, U ) of (B, β) which preserve the twist v in the sense that π(v n ) = U n for all n ∈ N . Any such covariant representation integrates to a
where (π, U ) runs through all twisted covariant representations of (B, β, υ). Alternatively, B⋊ β,υ (G, N ) can be obtained as the quotient of the untwisted crossed product by the ideal
Note that we have a canonical isomorphism
Twisted actions of this kind have been introduced by Phil Green in [11] and we refer to his paper for more details.
and (B, β) which preserves the twists in the sense that
If, in addition, E is an imprimitivity A-B-bimodule, we say that the twisted actions (A, α, υ α ) and (B, β, υ β ) are Morita equivalent. By the version of the PackerRaeburn stabilization trick given in [5] , we know that every (G, N )-twisted action is Morita equivalent to a twisted (G, N )-action with trivial twist, i.e., to a G/Naction.
Given a twisted (G, N )-action (B, β, υ) and a Hilbert B, G-module (E, γ), the crossed-product module (or descent) E ⋊ γ,υ (G, N ) is the Hilbert B ⋊ β,υ (G, N )-module defined as the completion of the space C c (G, E, υ) of all continuous functions x : G → E with compact support mod N satisfying x(ns) = x(s)υ n −1 for all s ∈ G and n ∈ N , endowed with the structure of a pre-Hilbert module over C c (G, B, υ) given by:
Given a G-algebra (A, α), the crossed product A ⋊ α| N (where α| denotes the restriction of α to N ) carries a twisted (G, [11, Proposition 1] and [21, Proposition 5.2] ). Note that (α, ι N ) factors through a twisted action (which we also denote (α, ι N )) on a given exotic crossed product A ⋊ α|,µ N if and only if the ideal
However, it is not clear how crossed-product norms for actions of N, G, and G/N should be related to each other in general to obtain the description of the G-crossed products as iterated crossed products.
We shall need twisted actions for the proof that for any weakly proper X ⋊ Galgebra (A, α, φ) we have a canonical isomorphisms
where · u and · r denote, as usual, the universal or reduced norms on crossed products by G, N , and G/N , respectively. Note that in case where G = N × H is a direct product of groups, this result has been shown in [2, Lemma 5.17] . Observe that by restricting the action α to N provides us with the weakly proper X ⋊ Nalgebra (A, α|, φ). We then denote by
the corresponding surjective "conditional expectation". 
Proposition 3.2. Suppose that (A, α, φ) is a weakly proper X ⋊ G-algebra and let · µ be any crossed-product norm on C c (N, A) such that the corresponding ideal
I µ ⊆ A ⋊ α| N is invariant under the decomposition actionα. Then the formula γ N t (ξ) := δ(t) 1/2 α t (ξ) for ξ ∈ F N c (A) extends to a G-action γ N : G → Aut(F N µ (A)) which is compatible with the decomposition G-actionα of G on A ⋊ α|,µ N . The corresponding G-action α N := Adγ N on A N µ ∼ = K(F N u (A)) is(3.3) α N t (E N (a)) = α t (E N (a)) = δ(t)E N (α t (a)) ∀a ∈ A c , t ∈ G.
This action is trivial on N (hence is inflated from an action of G/N ) and (F
It was observed in [3, Remark 5.8] 
, which is compatible with the twisted decomposition (G, N )-action on C 0 (X) ⋊ N and the G/N -action on
where the last equation follows from a straightforward computation using the fact that N ϕ(tnt
, which implies the compatibility of γ N with the twists. The last assertion follows from the fact that
If (A, α, φ) is a weakly proper X ⋊ G-algebra as in the proposition and if N is a closed normal subgroup of G, then G/N acts properly on N \X in a canonical way and we observe that the homomorphism
(where φ has been tacitly extended to C b (X) and we view C 0 (N \X) as a subalgebra of C b (X) in the usual way). From this it is easy to see that φ N is G/N -equivariant and hence (A , if µ stands either for the universal or for the reduced crossed-product norms. For the corresponding conditional expectation
, we get the following:
Hence
Proof. The first assertion follows from the fact that E N and E G/N are continuous with respect to the inductive limit topologies and that A In what follows we abuse slightly the notation and write
We leave it as an exercise for the reader to check that
Proposition 3.7. Let (A, α, φ) be a weakly proper X ⋊ G-algebra and consider the corresponding weakly proper
N \X ⋊ G/N -algebra (A N µ , α N , φ N ) as in Proposi- tion 3.2,
where µ stands either for the maximal or for the reduced crossed-product norms. Then there is a canonical isomorphism
F G/N µ (A N µ ) ⊗ A N µ ⋊G/N F N µ (A) ⋊ (G, N ) ∼ − → F G µ (A) as Hilbert A ⋊ µ N ⋊ µ (G, N ) ∼ = A ⋊ µ G-modules via the map sending a ⊗ g ∈ A N c ⊙ C c (G, F N c (A), ι N ) to a * g := G/N ∆ G (s) −1/2 α s (a · g(s −1 )) d G/N (sN ).
Proof. Let us first observe that
) is constant on N -orbits (and has compact support mod N ) so that the integral over G/N defining a * g makes sense and gives an element of A. In fact, since
) and since a is N -invariant, this implies
for all s ∈ G and n ∈ N . Now observe that a
which is easily seen to be an element of F c (A) (compare this to the formula (2.10) in [1] ). We therefore have a well-defined linear map from the dense subspace
. Now, a computation as in the proof of [1, Proposition 2.9] shows that this map preserves inner products and has dense range and hence extends to an isomorphism
Using the above proposition, we are now able to show the desired isomorphism (A 
Theorem 3.8. For a weakly proper X ⋊ G-algebra A, there is an isomorphism
On the other hand, since
see that S is G-invariant. Hence we get:
Suppose that H is a closed subgroup of a group G and that (A, α) is an Halgebra. Then C 0 (G) ⊗ A becomes a weak G ⋊ (G × H) algebra with respect to the structure map ψ :
where τ denotes the left translation action of G on itself, and we let H act on
The actions of G and H on C 0 (G) ⊗ A clearly commute and make the structure map ψ equivariant with respect to both G and H actions. Since H acts properly on G, the restriction of the action to H gives C 0 (G) ⊗ A the structure of a proper G ⋊ H-algebra and we can form the H-fixed-point algebras (C 0 (G) ⊗ A) H µ for this structure. Since the structure map ψ takes its values in the center ZM(C 0 (G) ⊗ A), it follows from [2, Theorem 3.28] that they do not depend on the given crossed-product norm · µ on C c (H, C 0 (G) ⊗ A) (indeed, for centrally proper actions all such norms coincide with the universal norm · u ).
H (we may now omit the norm µ in the notation).
H is actually well-known under the name of induced algebra Ind G H (A, α) and can be described as follows:
Indeed, identifying M(C 0 (G) ⊗ A) with the set of bounded strictly continuous functions from G to A, it is an easy exercise to check that (C 0 (G) ⊗ A) H c is just the set of functions in Ind G H (A, α) which have compact supports mod H. In this picture, the G-action is given as the induced action
hy). Moreover, if we start with a weakly proper
H carries the structure of a weakly proper (G × H Y ) ⋊ G-algebra, and by Theorem 3.8 we obtain isomorphisms
where · µ denotes either the universal or the reduced crossed-product norm (everywhere). The last isomorphism in (3.9) is induced by the H-equivariant isomorphism
We summarize our discussion as follows: Proposition 3.10. Let H be a closed subgroup of G and let (A, α, φ) be a weakly proper Y ⋊ H-algebra. Let · µ denote either the universal or reduced crossedproduct norm for both G and H. Then there is an isomorphism
Proof. The only statement which is not instantly clear from the above discussion is the special description of the isomorphism A
) and the fact that, according to Theorem 3.8, all other isomorphisms in (3.9) are induced by the identity map on (
Remark 3.12. Later we shall apply the above proposition to the special situation in which Y = G equipped with the right translation action of H.
st). If we forget the factor G/H, we see that Ind
G H (A, α) carries a structure of a weakly proper G ⋊ G-algebra with structure map ψ :
It follows from [2, Proposition 3.12] that the G-fixed-point algebra for this G ⋊ Gstructure on Ind G H (A, α) coincides with the G-fixed-point algebra for the (G × H G) ⋊ G-structure, hence Proposition 3.10 will still apply if we just consider the G ⋊ G-structure.
Suppose now that (A, α, φ) is a weakly proper X ⋊ G-algebra and that H is a closed subgroup of G. Then (A, α|, φ), where α| denotes the restriction of α to H, is a weakly proper X ⋊ H-algebra, and we close this section by proving an isomorphism
, where · µ denotes either the universal or the reduced crossed-product norm. Here [11, §2] . Recall that it is the completion of C c (G, A) viewed as a C c (H, A)-preHilbert module with respect to the module action and inner product given by the formulas
The above formulas are taken from [29, Theorem 4.15] . The left action of
Combining these formulas with the formulas for the pre-imprimitivity modules Proof. It is enough to check that the map a ⊗ ξ → a * ξ preserves inner products and has dense range. For the inner products we let a, b ∈ F c (A) and ξ, η ∈ C c (G, A) we compute
On the other hand, we compute
If we apply the transformation s → s −1 followed by the transformation t → h (H, A) , which then implies that the map a⊗ ξ → a * ξ extends to an isometric A⋊ µ H-Hilbert-module map from F 
Mansfield's Imprimitivity Theorem
As a consequence of our previous results, we deduce Mansfield's Imprimitivity Theorem for both universal and reduced crossed-product norms. So in what follows next we let δ : B → M (B ⊗ C * (G)) be a coaction of G on the C * -algebra B. Recall from §2 that B⋊ δ G carries a canonical weakly proper G⋊G-structure (B⋊ δ G, j G , δ) which restricts to a G ⋊ H-structure (B ⋊ δ G, j G , δ| H ) for every closed subgroup H of G. Since right translation of H on G is free, we see that (H, B ⋊ δ G) .
In what follows, we want to compare this result with the various versions of Mansfield's Imprimitivity Theorem for coactions which give rise to Morita equivalences between B µ ⋊ δµ| G /N and (B ⋊ δ G) ⋊ µ N , where the notation (B µ , δ µ ) indicates that we have to be careful about the type of coactions we may consider here. Indeed, we shall restrict below to the two cases where · µ is either the universal norm · u or the reduced norm · r . Then, as explained in §2, (B u , δ u ) is the maximalization and (B r , δ r ) is the normalization of (B, δ). Recall that for any coaction δ : B → M (B ⊗ C * (G)), the restriction δ| of δ to the quotient group G/N is given by the composition
where 
Remark 4.2. We should remark that the isomorphism for normal coactions has been established before by Quigg and Raeburn in [26, Proposition 4.1] in case where N is amenable, and shortly after that by Kaliszewski and Quigg in [18] for arbitrary closed normal subgroups N . Both proofs rely heavily on Mansfield's original proof of his imprimitivity theorem and they use the Mansfield algebra D ⊆ B ⋊ δ G as a dense * -algebra which implements properness in Rieffel's sense ( [27] ). So a priori, the fixed-point algebras and the bimodules considered in those papers could be different from ours, but we shall see below that they are not.
The isomorphism for maximal coactions is new but a version of Mansfield's Imprimitivity Theorem for maximal coactions has been shown by Kaliszewski and Quigg in [18] using quite different techniques. The above gives a unified treatment to all of these different versions and does not rely on Mansfield's techniques. N ) is the quotient map, we get
Proof of Theorem 4.1. In what follows let
, which proves the claim. Now [1, Theorem 4.6] applied to the weak
G/N and if we combine this with the G/N -isomorphisms ((A
we finally obtain a chain of isomorphisms
This finishes the proof.
In what follows next, we want to compare our module F 
H) denotes the surjective linear map given by
For w ∈ A c (G) and E ⊆ G compact, let
and
We call D H the H-Mansfield subalgebra of M(B ⋊ δ G).
We simply write D in case where H = {e}.
We should note for later use that the general assumption on our coactions being nondegenerate -in the sense that δ(B) ( 
Proof. The first assertion in (1) follows from [22, Lemma 11] and the equation 
By passing to a subsequence, if necessary, we may choose elements c n ∈ ker j B with
We now use item (ii) of For later use, we should also note that D H is a bimodule over B c ∼ = D G with bimodule operations given by the usual multiplication inside M(B ⋊ δ G), that is,
This gives a canonical imbedding of B c = δ Ac(G) (B) into the (algebraic) multiplier algebra M(D H ).
Recall from [1] that for any weakly proper G ⋊ H-algebra A and for any given crossed-product norm · µ on C c (H, A) , the A (H, A) and F c (A) , respectively, and that in all three spaces, inductive limit convergence implies norm-convergence in their respective completions for any chosen norm · µ . Similarly, the canonical "conditional expectation"
. Recall also that the inductive limit topology on C c (H, A) is the usual one, and that a net (a i ) i∈I in F c (A) (resp. in A c ) converges in the inductive limit topology to some a if it converges to a in norm and there exists an f ∈ C c (G) such that 
Thus it follows easily from the definition of the fixed-point algebra with compact supports as given in ( .3)). This gives a very concrete picture for the maximalization (B u , δ u ) and the normalization (B r , δ r ) of (B, δ) and their connections to the given coaction (B, δ).
Suppose now that H = N is a closed normal subgroup of G, and δ is an arbitrary coaction of G on B. Consider the representation j B ⋊j G | : 
It is clear that it maps the dense subset
Proof. In the notation of Theorem 4.1, we have B = B u and A = B ⋊ δ G. If we follow the arguments given in the proof of that theorem we see that the isomorphism
. But this means that it coincides on these dense subspaces of B and C 0 (G/N ) with l B and l G/N , which implies the result.
Of course, the results presented in this section also provide versions of Mansfield's imprimitivity theorems for "crossed products by homogeneous spaces" as considered in [6, 12] : if δ is a coaction of G and H is a closed subgroup of G, then the reduced crossed product B ⋊ δ,r G/H of B by the homogeneous space G/H is defined in [6] as
Since the reduced fixed-point algebra is the closure of (B ⋊ δ G) 
but it is important here to use the normalization (B r , δ r ) in the first isomorphism and the maximalization (B u , δ u ) in the second, since in general we do not have isomorphisms between B u ⋊ δu| G/N and B r ⋊ δr| G/N (e.g., take N = G, in which we obtain the algebras B u and B r , which are often different if G is not amenable).
As far as we know, there was no general definition of the universal crossed product by homogeneous spaces as in (4.12) before. However, such crossed products have been defined in the special case of dual coactions, i.e., in the case B = A ⋊ α G with dual coaction δ = α for some G-algebra (A, α). In this situation the crossed product B⋊ δ,u G/H has been defined in [6] as the crossed product C 0 (G/H, A)⋊ τ ⊗α G, where here τ denotes left translation of G on G/H (see the discussion before Lemma 2.4 in [6] ). Let us now check that both definitions agree in this case. By the Imai-Takai Duality Theorem ([8, Theorem A.67]), we have a canonical isomorphism of weak G ⋊ G-algebras: ) is endowed with the G-action α ⊗ Ad ρ and the structure map
But then Proposition 5.7 in [2] shows that
Twisted Landstad Duality
Let G be a locally compact group and N a closed normal subgroup of G. In this section we are going to study weak G ⋊ N -algebras, that is, C * -algebras A endowed with an N -action α of N and an N -equivariant nondegenerate C c (N, A) . Assume now that · µ is a norm for which the dual N -coaction α on A ⋊ α,u N factors through a coaction α µ on A ⋊ α,µ N . By Lemma 4.12 in [1], we know that F N µ (A) carries a G-coaction δ F given by:
which implements a Morita equivalence between the inflation Inf α µ of the dual coaction α µ on A ⋊ α,µ N , and the G-coaction δ N µ on A N µ induced by δ F which is given by: [1, Remark 4 .14 ]). Our first goal is to show that δ µ is a twisted coaction in the following sense:
where σ G/N,G/N and σ G/N,G denote the flip isomorphisms on C * (G/N ) ⊗ C * (G/N ) and C * (G/N ) ⊗ C * (G), respectively, and δ| := (id ⊗ q N ) • δ denotes the restriction of δ to G/N , where q N : C * (G) → C * (G/N ) is the quotient map. Equivalently (see [26] ), a twisted coaction can be defined as a pair (δ, ς) consisting of a coaction δ : B → M(B ⊗ C * (G)) and a nondegenerate
denotes the inclusion map, that is,
In this case, ς is called the twisting homomorphism for (B, δ).
If the twisting homomorphism ς is given, the unitary twist ω can be recovered from ς by ω = (ς ⊗ id)(ω G/N ). Conversely, every unitary twist is of this form by [26, Lemma A.1] , and in this case we say that ς is the twisting homomorphism associated to ω or that ω is the twisting unitary associated to ς. We refer to [9, 23, 26] for further information on twisted coactions.
To simplify the writing, we shall use standard leg numbering notations like ω 12 := ω⊗1, ω 23 := 1⊗ω and ω 13 = (id⊗σ)(ω), where σ is some suitable flip automorphism (like σ G/N,G/N or σ G/N,G as above) . With these notations, the two first conditions in the above definition can be reformulated as:
The first condition can be interpreted by saying that ω ∈ UM(B ⊗ C * (G/N )) is a corepresentation of G/N on B. Observe that, in this case, if ψ : B → M(C) is a * -homomorphism, then (ψ ⊗ id)(ω) is a corepresentation of G/N on C. Let (B, δ, ω) be a twisted coaction of (G, G/N ) . We say that a covariant representation (π, σ) of (B, δ) preserves the twist if
Definition 5.4.
In this case we also say that (π, σ) is a covariant representation of (B, δ, ω) .
is the twisting homomorphism associated to ω, then a covariant representation (π, σ) preserves the twist if and only if
Every twisted coaction admits a twisted crossed product which is uniquely determined up to isomorphism and denoted by B ⋊ δ,ω G. If B ⋊ δ G denotes the (untwisted) crossed product for (B, δ) and (j B , j G ) is its universal covariant representation, then B ⋊ δ,ω G can be realized as the quotient B ⋊ δ,ω G = (B ⋊ δ G)/I ω , where
is covariant representation preserving the twist} is the twisting ideal. In this picture, the universal covariant representation ( N ) ). The twisted crossed product B ⋊ Inf δ,1 G is canonically isomorphic to the original (untwisted) crossed product B ⋊ δ N (see [9, 23] ).
(2) Given an arbitrary coaction δ :
where (j B , j G/N ) denotes the universal covariant representation of (B, δ|) and the twisting homomorphism forδ is
there is a canonical isomorphism (see [23] and also Remark 7.12 in [26] ):
In Corollary 5.25 below we derive this decomposition isomorphism also as a consequence of our results.
If ω a twisting unitary over G/N for (B, δ), then the twisting ideal I ω is Ninvariant with respect to the dual action δ, so that δ induces an N -action on the twisted crossed product B ⋊ δ,ω G, which we denote by δ ω . If (k B , k G ) denotes the universal twisted covariant representation, the homomorphism k G :
is N -equivariant with respect to the right translation action of N on G, and hence B ⋊ δ,ω G carries a canonical structure as a weakly proper G ⋊ N -algebra.
The following result is well-known. In [26, Theorem 4.4] it is shown for normal amenable subgroups and reduced coactions, that is, injective nondegenerate coactions of C * r (G). But it is pointed out in the proof of [17, Theorem 4.3] that the proof of [26, Theorem 4.4] extends to arbitrary (i.e., also non-amenable) normal subgroups if one replaces reduced coactions by full coactions of C * (G) as we are using here. ). For a twisted (G, G/N )-coaction (B, δ, ω) ,
Proposition 5.8 (Quigg-Raeburn
Remark 5.9. It is clear that the extension of χ to the multiplier algebra
. Observe that the above proposition implies, in particular, that there is a central homomorphism ψ : 
This implies ker(j B ) = ker(k B ) because χ is injective.
The following result appears as Corollary 4.10 in [26] where, again, amenability of N is required due to the use of reduced coactions. However, using Proposition 5.8 above, the same proof as given in [26] applies to full normal coactions and nonamenable N . 
Suppose that (B, δ, ω) is a twisted (G, G/N )-coaction and let (B r , δ r ) be the normalization of (B, δ). Then it is well-known that B ⋊ δ G ∼ = B r ⋊ δr G. In particular, covariant representations of (B, δ) correspond bijectively to covariant representations of (B r , δ r ). This correspondence can be described as follows: recall that (B r , δ r ) can be realized as B r = j B (B) ∼ = B/ ker j B and δ r is given on j B (B) by conjugation with the unitary (j G ⊗ id)(ω G ). If (π, σ) is a covariant representation of (B, δ), the equation (π ⋊ σ) • j B = π implies that ker(j B ) ⊆ ker(π), so that π factors through a homomorphism π r of B r and the pair (π r , σ) is a covariant representation of (B r , δ r ). The assignment (π, σ) → (π r , σ) is then a bijective correspondence between covariant representations of (B, δ) and (B r , δ r ).
Moreover, if ̺ : B ։ B r denotes the quotient map, the unitary twist ω for δ induces a twist ω r := (̺ ⊗ id)(ω) for δ r , and a covariant representation (π, σ) of (B, δ) preserves the twist ω if and only if (π r , σ) preserves the twist ω r . It follows that the canonical surjection ̺ : B → B r induces an isomorphism of weak G ⋊ Nalgebras:
Using this observation, we obtain the following generalization of Lemma 5.11 to arbitrary twisted coactions: 
The following result is a twisted version of the Landstad Duality Theorem for coactions we proved in [1] (which is, in turn, a generalization of the main result in [24] ). 
Proof. To prove (i), we have to verify the conditions in (1) and (2) 
and also
, which is constant on N -cosets and factors to the function
Moreover, the same argument just used to verify axiom (1) in Definition 5.3 yields, for all ξ ∈ F c (A),
which is saying that (F , δ F ) implements the desired Morita equivalence between
. This proves the first assertion in (ii) and the second assertion follows from the fact that maximality and normality of coactions are preserved by Morita equivalence and by inflation of coactions (see [7, Proposition 3.5] , [18, Proposition 7.3] and [8, Lemma 3.19] ).
Finally, to prove (iii) we first observe that (κ, φ) is a covariant representation of In what follows next we want to show that, conversely, every twisted coaction (δ, ω) is of the kind as in Theorem 5.14 for the weak G ⋊ N -algebra (A, α, φ) with
In order to prepare the result, we show of (B, δ) . The coactions δ G µ for µ = u, r are given by the formula (as in Equation (5.2)): 
As explained in [1, Remark 4.14], the right hand side of this equation is, a priori, an element of M(A⊗C * (G)), but can be interpreted as an element of (A⊗C
. We will apply this to x = δ N µ (m). We need to show that the element δ
This proves that ψ is G-equivariant. Finally, it follows from Remark 5.9 and the description of the inclusion of A 
On the other hand, since (k B , k G ) preserves the twist ω, Remark 5.6 implies that
, which shows the desired identity.
As a direct corollary of the last assertion of the theorem we get: Remark 5.20. In [9] the stabilization trick has been proved for twisted (reduced) coactions of (G, G/N ) with N amenable. As remarked in [17] (see comments before Theorem 5.5 in [17] ), the same ideas carry over to prove a stabilization trick for twisted (full) coactions for arbitrary (non-amenable) N under the assumption that the underlying G-coaction is normal. Our result works for all twisted coactions (δ, ω).
Using the above results, we may now generalize the notion of "maximal coactions", "normal coactions", and "µ-coactions" for a given crossed-product norm · µ on C c (G, B ⋊ δ G) as discussed in [1, 7, 16] Thus we see that we get complete twisted analogues of the results obtained in [1] . Although we do not develop this here, we remark that it is also possible to obtain an analogue of the categorical Landstad Duality Theorem [1, Theorem 7.2] for twisted coactions by using essentially the same ideas as used there.
The following result follows immediately from item (ii) of Theorem 5.14. Recall that a unitary coaction is a G-coaction (B, δ) which is twisted over G (that is, N = {e} is the trivial group in the above notation). Equivalently, this is the same as a weak G ⋊ {e}-algebra, that is, a C * -algebra B with a nondegenerate representation φ : C 0 (G) → M(B). The G-coaction δ is then recovered by the formula δ(b) = (φ ⊗ id)(ω G )(b ⊗ 1)(φ ⊗ id)(ω G ) * . The above corollary immediately implies the following result (see also [4, Proposition A1]).
Corollary 5.24. Every unitary coaction is maximal and normal.
As already mentioned previously, the following decomposition theorem is wellknown (it has been proved by Phillips and Raeburn in [23] for amenable N and reduced coactions. But in [26, Remark 7 .12] Quigg and Raeburn stated that the amenability of N is actually not necessary if one works with full coactions). As an application of our methods, we now derive an alternative proof for this theorem: Moreover, by Equation (5.26), the composition of the two epimorphisms above is an isomorphism and the first and the third algebra are isomorphic to B ⋊ δ G, so B ⋊ δ| G/N ⋊δ ,ω G must be also isomorphic to B ⋊ δ G, as desired.
We finish with the following consequence of the Landstad Duality Theorem 5.14, which shows that Mansfield's Imprimitivity Theorem 4.1 can be enriched to an equivalence of twisted coactions. This therefore yields a natural connection between the two main topics of this paper. An analogue of these equivalences follows also for normal coactions (B, δ) via the bimodule F N r (B ⋊ δ G). This case has been shown before in [8, Theorem 4.21] ; see also [19] . 
